QMW-PH-00-04 
KCL-TH-00-36 
DAMTP-2000-69 
bcp-th/0007124 



Supersymmetric Intersecting Domain Walls 
in Massive Hyper-Kahler Sigma Models 



Jerome P. Gauntlett* 1 , David Tong^ 2 
and Paul K. Townsend^' 3 



* Department of Physics 
Queen Mary and Westfield College, 
Mile End Rd, London El 4NS, UK 

* Dept of Mathematics 
Kings College, The Strand 
London, WC2R 2LS, UK 

f DAMTP, 
Centre for Mathematical Sciences, 
Wilberforce Road, 
Cambridge CB3 OWA, UK 



ABSTRACT 

The general scalar potential of D-dimensional massive sigma-models with eight 
supersymmetries is found for D — 3,4. These sigma models typically admit 
1/2 supersymmetric domain wall solutions and we find, for a particular hyper- 
Kahler target, exact 1/4 supersymmetric static solutions representing a non- 
trivial intersection of two domain walls. We also show that the intersecting 
domain walls can carry Noether charge while preserving 1 /4 supersymmetry. 
We briefly discuss an application to the D1-D5 brane system. 
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1 Introduction 



Supersymmetric four-dimensional (D=4) field theories with multiple isolated supersym- 
metric vacua typically admit 1/2 supersymmetric (BPS) domain wall solutions that in- 
terpolate between these vacua. The Wess-Zumino model provides a simple example with 
N=l supersymmetry; the critical points of its superpotential are isolated supersymmetric 
vacua and the minimal tension domain walls that separate them are BPS |,|. Examples 
with N=2 supersymmetry are provided by certain massive sigma-models; these have no 
superpotential but they do have a potential proportional to the square of a tri-holomorphic 
Killing vector field (KVF) of the hyper-Kahler (HK) target space . Fixed points of this 
KVF are supersymmetric vacua and models with multiple fixed points admit 1/2 super- 
symmetric domain walls 0. Recently it has been discovered that N=l models for which 
the superpotential has at least three critical points typically admit intersecting domain 
wall solutions preserving 1/4 supersymmetry || [| |?], || The aim of this paper is to 
show that there is a class of massive N=2 supersymmetric sigma-models that similarly 
admit 1/4 supersymmetric intersecting domain wall solutions. 

To see why such configurations might be expected, consider a massive sigma model 
with a target space that is the direct product of two 4-dimensional HK target spaces, each 
admitting a tri-holomorphic KVF. We then have two non-interacting sigma models, each 
with its potential proportional to a tri-holomorphic KVF, and a domain wall solution 
of one model can be superposed with a domain wall solution of the other model. Since 
each domain wall separately preserves 1/2 supersymmetry, experience suggests that some 
superposition will preserve 1/4 supersymmetry, and we shall confirm this intuition. Of 
course, this example is a trivial one because the intersection is purely geometrical. We are 
principally interested in massive sigma models with irreducible target spaces for which 
simple superposition fails; in this case any geometrical intersection must also be a physical 
one in the sense that each domain wall must deform the other near the point of intersection. 
Nevertheless, the trivial case suggests that we should consider HK target spaces admitting 
at least two linearly independent triholomorphic KVFs, which requires the HK target 
space to be at least 8-dimensional. 

We shall consider the class of toric HK 4n-metrics, which admit n linearly independent 
commuting KVFs. In coordinates (ipijX 1 ) (I — 1, ... ,n), these metrics are determined 
by an n x n symmetric matrix U with entries Uu that are functions only of the 3n 
coordinates X 1 . The metric takes the form 

ds 2 = UudX 1 ■ dX J + U IJ {d^! + Ai)(dipj + Aj) , (1) 

where U IJ are the entries of U" 1 and 

Aj = dX J ■ uji , V (J x uj K)I = VjUri ■ (2) 

This last equation implies that ^\jUku — 0. The triplet of Kahler 2-forms is 

n = (dtpi + A^dX 1 - ^UudX 1 x dX J (3) 

where the wedge product of forms is implicit. It follows that the n Killing vector fields 

k 1 = dld^i (4) 

are tri-holomorphic. 

For n = 1 we get the well-known multi-centre 4-metrics; the simplest two-centre case 
is the Eguchi-Hanson 4-metric, and in this case the kink solution of the corresponding 
massive sigma model is known explicitly [Q. Consider now the n = 2 HK 8-metrics. 
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If the 2x2 matrix U is diagonal then the 8-metric is a direct product of two HK 4- 
metrics; otherwise, it is irreducible. In cither potential equal to the square of a 

tri-holomorphic KVF must take the form 

V = \\Xik I \ 2 (5) 

for some constants Aj. When U is diagonal the KVFs k 1 and k 2 are orthogonal, so the 
potential can be written as 

v = \xl\^ + \\i\e\\ (6) 

as expected for a Lagrangian that is the sum of two non-interacting massive sigma-models 
with 4-dimensional HK target spaces. For this special case, the potential (||) is the most 
general one compatible with the N=2 D=4 supersymmetry. As discussed above, it leads to 
a model that allows a trivial, but 1/4 supersymmetric, intersection of kink domain walls. 
One might hope that a sigma-model with an irreducible HK 8-metric and a potential of 
the form (||) might admit a supersymmetric solution representing a genuinely physical 
intersection of domain walls, but this seems not to be the case. 

Fortunately, when U is non-diagonal the potential (Q) is not the most general one 
allowed by N=2 D=4 supersymmetry. As we shall show, the general potential is the the 
sum of squares of two independent tri-holomorphic KVFs. For the toric HK models this 
means that 

V = \\\ I k I \* + \\p I k I \* (7) 
where A/ and pi are two constant n-vectors. Equivalently, 

V=\n 2 u U IJ (8) 

where 

/»! j = AjAj + PiPj ■ (9) 

In other words, the constants p 2 j are the entries of a constant symmetric mass-squared 
matrix /i 2 of maximal rank 2. For n — 2, this means that p 2 is an arbitrary constant 
symmetric matrix, so the general scalar potential of a sigma model with a generic 8- 
dimensional HK target space depends on three parameters. For the special case of a 
product HK 8-manifold the number of parameters is reduced to two; these can be taken 
to be the constants Ai and A2 in (^), which is therefore the general potential. In contrast, 
for an irreducible 8-manifold the potential (|^) is the special case of (|^) for which the 
matrix p 2 has non-maximal rank. 

For any massive sigma model with an 8-dimensional HK target space the supersym- 
metric vacua for generic mass-squared matrix a 2 are in 1-1 correspondence with a finite 
set of points in E 3 x E 3 at which the 2x2 matrix U^ 1 equals the zero matrixQ These 
vacua will be interconnected via 1/2 supersymmetric domains. As we shall see, the ad- 
ditional parameter in the potential for irreducible target spaces allows the construction 
of models admitting 1/4 supersymmetric domain wall intersections. We shall discuss a 
particular one-parameter family of such models in detail, obtaining an explicit and exact 
1/4 supersymmetric solution representing a non-trivial intersection of two domain walls. 

The above result for the general potential compatible with D=4 N=2 supersymmetry 
is a special case of an analogous result for the general scalar potential of a D-dimensional 
sigma model with eight supersymmetries. This potential is the sum of squares of (6 — D) 

1 This is true both classically and in the quantum theory because instanton solutions interpolating 
between these vacua are Euclidean kinks with an even number of fermion zero modes. 
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linearly independent commuting tri-holomorphic KVFs. This was conjectured by Bak 
et al. |[o) on the basis of their result that the D=l sigma model, i.e. quantum me- 
chanics, admits a potential equal to the sum of squares of five independent commuting 
tri-holomorphic KVFs, and the observation that this might be explained by a five- fold 
non-trivial dimensional reduction on T 5 . Indeed, a non-trivial dimensional reduction of 
the, necessarily massless, D=6 supersymmetric sigma model is known to yield a D=5 su- 
persymmetric sigma model with a superpotential equal to the square of a tri-holomorphic 
KVF but it was not previously appreciated that a further non-trivial dimensional 
reduction using other tri-holomorphic KVFs might yield more general potentials. Here we 
establish, by a direct determination of the conditions implied by N=2 D=4 and N=4 D=3 
supersymmetry that this procedure indeed yields the general scalar potential compatible 
with eight supersymmetries. 

Of course, a potential can be constructed from (6 — D) independent commuting tri- 
holomorphic KVFs only in those models for which the space spanned by a maximally 
commuting set of tri-holomorphic KVFs has a dimension of at least (6 — D). For the An- 
dimensional toric HK manifolds this means that we need n > (6 — D), but it is reasonable 
to suppose that most of the physics is captured by the minimal n — 6—D case. This means 
that we should consider n = 2 in D=4, as we have been doing, but that we should consider 
n = 3 in D=3. One might suppose that there will now be triple intersections of domain 
walls preserving only 1/8 supersymmetry, but the reduced space dimensionality does not 
allow it. Instead, one can use the additional freedom to find charged 1/4-supersymmetric 
intersecting domain wall solutions. These have a D=4 interpretation as intersecting walls 
with a wave along the string intersection; the momentum along the string becomes the 
charge on reduction to D=3. These charged D=3 solutions are stationary rather than 
static; i.e. they are time-dependent but such that the energy density is time independent. 
They include, as a special case, new stationary charged domain wall solutions preserving 
1/4 supersymmetry (in contrast to the Q-kinks which preserve 1/2 supersymmetry). In 
D=3 one can thus break 1/2 supersymmetry to 1/4 supersymmetry either by intersection 
with another domain wall or by the addition of charge, or both. 

We begin with a derivation of the scalar potentials allowed in supersymmetric HK 
sigma models. We then focus on the toric HK manifolds and derive the BPS equations 
satisfied by sigma model configurations that preserve some fraction of supersymmetry. 
We then apply these results to find both static and stationary intersecting brane configu- 
rations. In the concluding section we briefly discuss the relevance of these results to the 
D1-D5 brane system in type IIB string theory. 



2 Hyper-Kahler supersymmetric sigma models 

Massless supersymmetric hyper-Kahler sigma models exist in all spacetime dimensions 
D < 6. All such models in D > 3 have eight supercharges. This is obvious for D = 5,6 
because the minimal spinor in these dimensions has eight real components. In D=3 the 
minimal spinor has 2 components, but each of the three complex structures yields an 
additional supersymmetry, leading to an N=4 D=3 supersymmetric sigma model, which 
again has eight supercharges. In D=4 we have an N=2 model with two 4-component 
spinor supercharges. 

A D=6 supersymmetric sigma model is necessarily massless as the chirality of the 
hypermultiplet spinor allows neither a mass term, nor a Yukawa coupling to the scalar 
fields. This argument does not apply in D=5 however, and a 'massive' D=5 supersym- 
metric sigma model can be found by non-trivial dimensional reduction^] of the D=6 model 

2 This type of dimensional reduction was introduced by Scherk and Schwarz Jl2| but their idea was to 
use it to obtain supersymmetry breaking mass terms, whereas we are using it here to obtain supersym- 
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if the HK target space admits a tri-holomorphic KVF £. Specifically, given An real fields 
<j) X , and a mass parameter /u,, one sets 

K X (X = l,...,4n) (10) 



dx 5 

where x 5 is the coordinate of the 5th spatial direction on which we reduce^. This pro- 
duces a scalar potential proportional to the square of the norm of £. Given a further 
tri-holomorphic KVF we could repeat this procedure (as suggested in jL0j) to obtain a 
potential in D=4 that is the sum of squares of two tri-holomorphic KVFs, and then in 
D=3 to obtain a potential that is the sum of three tri-holomorphic KVFs, but one should 
expect supersymmetry to require some restriction on the sets of tri-holomorphic KVFs 
that can be used for this purpose. Here we shall show, by a direct construction of the gen- 
eral massive D=3 and D=4 supersymmetric sigma models with eight supercharges, that 
the tri-holomorphic KVFs used in this procedure must commute. The same calculation 
also shows that this procedure yields the general scalar potential. 

We shall first review some features of HK manifolds that will be needed in the construc- 
tion, and the corresponding D=6 massless sigma models. We then turn to the construction 
of the D=4 massive HK sigma models, followed by the D=3 case. 

2.1 Hyper-Kahler manifolds 

As above, we let 4> x be the real coordinates of a 4n-dimensional HK manifold. The HK 
metric can be written in terms of a viclbcin transforming in the (2, 2n) representation 
of Spi x Sp n , as 

9xy = fgfpVijSab (» = 1, ■ • • , 2n; a = 1, 2) (11) 

where fijj is the real antisymmetric Sp^-invariant tensor (numerically equal to and 
e a b is the real antisymmetric invariant tensor of Spi = SU(2). The vielbein obeys the 
pseudo-reality condition 

(/£)* = fxia = f x %ie ba . (12) 

We may define 

/£ = g XY f Yl a (13) 
where g XY is the inverse of the HK metric, in which case 



Note the further identity 



f%fZ = \[5x5t+i<Tb a -lx Y ] (15) 



where cr is the triplet of Hermitian Pauli matrices and I is the triplet of complex structures. 
Given ( |l4| ) this identity can be established by showing that 

l X Y = -lf%fl<Ta b . (16) 

A simple computation using this formula shows that 

[n ■ I] [m • I] = n - m + nxm-I (17) 

metry preserving mass terms, so we avoid the use of the terminology 'Scherk-Schwarz' reduction. 

3 The corresponding x 5 -dependence of the fermion fields can be found by interpreting this equation as 
a superfield equation. 



4 



Taking n and m to be any two of three orthonormal vectors one recovers the algebra of 
quaternions. 

Note that the triplet of Kahler 2-forms associated with this quaternionic structure is 

fi = -^ x A# Y /^W. (18) 
A tri-holomorphic KVF £ is one for which 

£ c fJ = 0. (19) 
Given the Killing condition C(x-,y) = 0, this is equivalent to the constraint 

C[ia;j]b = (20) 

where C m = ( X fx- Together with the Killing condition, this implies that the only non- 
vanishing component of Cx-,y is the symmetric second-rank Sp n tensor Cia;j a - 
Finally, we observe that the spin-connection, defined by requiring 

V {x h\ a = (21) 

takes values in Sp n for a HK manifold, and therefore has the form 

ux ia jb = oj x 1 3 5 a b (22) 

with u!x l i — 0. It follows that the curvature tensor takes the form 

Riajbkcld — Rijkl^ab^cd , (23) 

where Rijki is a totally-symmetric Sp n tensor. 
2.2 D=6 HK sigma models 

The D = 6 sigma model has a Lagrangian given, in 5J7*(4) spinor notation, by [jllj 

C = -\gxYd a ^ x d a ^ Y - i Xa {D^x l fi - ^RiiklxLxUyXs ^ ( 24 ) 

where e a/3lS is the SU* (4) invariant antisymmetric tensor, and we take the Minkowski 
metric to have 'mostly plus' signature. The supersymmetry transformations are given by 

H x = */*e Qa xL (25) 
% = fxd^el - S^ux^xi (26) 

where e" is a constant Spi x 5Z7*(4) spinor parameter. 

For later use we derive the conditions for a bosonic configuration of the D=6 su- 
persymmetric sigma model to preserve supersymmetry. We require the supersymmetry 
variations of the D=6 fermion fields to vanish. Written in standard Dirac matrix form, 
with Lorentz spinor indices suppressed, this condition becomes 

T m f x a d m ^ x e a = 0, (27) 

where T m (to = 0, 1, . . . , 5) are the D=6 Dirac matrices and e a is an Spn-Majorana and 
Weyl spinor; the latter condition implies that 

r 012345 e = e. (28) 
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Multiplying ( \27\) by and using the identity (|l5|), we find that this is equivalent to 

T m [d m <t> x + d m <t> Y i<r ■ I Y X ] e = (29) 

where we now suppress the Spi indices. Equivalently 

T m e d m <p Y g Y x = iT m ae ■ n XY d m ^ Y . (30) 

The dimension of the space of solutions for constant e is the number of supersymmetries 
preserved. 

2.3 D=4 HK sigma models 

The fermion fields of a D=4 HK sigma model consist of a set of 2n complex 2-component 
S7(2;C) spinors \a ( a = 1: 2) and their complex conjugates X&i- The general massive 
sigma model has a Lagrangian of the form 

£ = \ 9 XYd a «cf> X d a ^ Y ~ ixiV adl X«i + \x m X 3 a M l3 - Jx^My - V 

-\RiMx ai x j a ){r k xi), (3i) 

where we assume a 'mostly-plus' Minkowski signature and use conventions for which 

e^e^ = 5 J , 8 a$ d a$ = -2D . (32) 

The complex Yukawa coupling tensor My , and the potential V are expressed in terms of 
a complex vector field N x appearing in the supersymmetry transformations, 

H X = if? a e aa x l a +c.c. (33) 
% = /rM^I + ^e^-^Wa. (34) 



Specifically, one finds that 



Mij = N ia .j a , V = - 9 xyN x N y . (35) 



Supersymmetry implies that TV is tri-holomorphic, so that My is the only non-vanishing 
component of Nx- } y, and = M,-j. The only other condition required by supersymme- 
try is that the vector fields N and N commute. 

To obtain these results it is convenient to begin by supposing My, N x and V to be 
dimensionless tensors on the target space and to introduce a mass parameter \i (set to 
unity at the end of the calculation) to take care of the dimensions. Only variations that 
vanish when [i = need be considered because the invariance of the massless model is 
long-established. Cancellation of the terms linear in fi determines My and establishes 
that the complex vector field N must be both Killing and tri-holomorphic. Cancellation 
of terms quadratic in fi determines V and requires that [N, N] = 0. Thus, we have now 
shown that the scalar potential of the general 'massive' N=2 D=4 sigma model is 

V = \gxv {N X N Y + N X N Y ) (36) 

where g is the HK metric and N±,N2 are two real commuting tri-holomorphic KVFs. 
Note that this potential is precisely of the form that one gets by a non-trivial dimensional 
reduction from D=6 with 

= JVi , c>50 = N 2 . (37) 
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2.4 D=3 HK sigma models 



The D=3 hypermultiplet fermions xt transform in the (2n, 2) representation of Sp n x Sp^, 
with Spi x Spi being the automorphism group of the supersymmetry algebra. The massive 
N=4 D=3 sigma model has the Lagrangian (with Lorentz spinor indices suppressed) 

£ = -lgxYd^ x d^ Y - z -x iA 7^XiA + lx iA x jB M ijAB -v 

~Rm(x iA x Bj )ix A x l B ) (38) 

where 7^ (/x = 0, 1, 2) are the D=3 Dirac matrices and 

X iA = (XiA)h°=We AB xj B l - (39) 
The supersymmetry transformations are 

5<j> x = if^ A X \ (40) 
<% = fk a [rd^ x e aA + N x A B e aB ] -^Vi^. (41) 

Supersymmetry fixes the Yukawa tensor to be 

M ijAB = (N AB ) la .f (42) 



and the potential to be 



We can write 



V = \n xab N xab . (43) 



N X A B = t(<r) A B ■ k x (44) 



where k is a triplet of vector fields. Supersymmetry implies that they are Killing, tri- 
holomorphic, and mutually commuting. Thus, the general sigma model potential com- 
patible with N=4 D=3 supersymmetry is 

V = \gxvk x ■ k Y (45) 

where g is the HK metric and k is a triplet of mutually commuting tri-holomorphic KVFs. 
This is again precisely of the form that one would get by non-trivial dimensional reduction 
from D=6. 



3 Static supersymmetric solitons 

We now focus on the toric HK manifolds. Their essential features were summarized 
in the introduction. We take n > 2 and consider a scalar potential of the form (^). 
As we have just seen, this potential is compatible with both D=4 N=2 and D=3 N=4 
supersymmetry. For generic mass-squared matrix /1 2 the potential vanishes only when 
the matrix U IJ vanishes. This yields a set of discrete supersymmetric vacua. We are 
interested in the kinks that interpolate between these vacua, which we expect to preserve 
1/2 supersymmetry. In D=3,4, kinks are domain walls and, as we shall see, we can have 
intersecting walls that preserve 1/4 supersymmetry 
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3.1 Energy bounds 

Consider the case of time-independent fields. The D=3 energy density, which is the same 
as the D=4 energy density for fields that are translational-invariant in the 3-direction, is 
then 

£ = ic//jV 1 x / -v 1 x J + i;7 / , 7 v 2 x / .v 2 x J + i M/J c/ /J 

+ \u IJ V l ^ I V l i)j + hj IJ V^ I V 2 i) J (46) 



where 



We can rewrite this as 



Tf^i = V^i + V M X A " • u KI (47) 



£ = i?7/j(ViX / -[/ /K n^)(ViX J -C/ JL n L )+ViX / -n / 
+ \uu (V 2 X J - U IK p K ) (V 2 X j - U JL PL ) + ViX' • P/ 
+ hj IJ -D^{D^j + hj IJ V^{D^j (48) 

where rij and p/ are constants such that 

n/ • n, 7 + p/ • pj = fijj . (49) 

Note that the integrals J diz^ViX 7 and J dx^V^X. are topological charges carried by 
domain wall orthogonal to the 1-direction and the 2-direction, respectively. From the 
above expression for the energy density we deduce the bound 

£ > ViX z -n / + V 2 X J -pi. (50) 

This is saturated by solutions of 

ViX 7 = U IJ nj , V 2 X' - U IJ pj , (51) 

together with 

Viipi = -U JK Uj! ■ n K , V 2 ^/ = -U jk ujj ■ P k , (52) 

which can be solved for ipi given a solution of (|5l|). Consistency of these equations requires 
that 

n ( j x p -7) = . (53) 

3.2 Supersymmetry 

We wish to determine the fraction of supersymmetry preserved by solutions of (^l|) and 
d52]). This could be done directly from the D=3,4 supersymmetry transformation laws, 
but it can also be done from the supersymmetry transformations of the D=6 massless 
sigma model, by making use of the fact that the bosonic part of the massive D=4 model 
is obtained by the reduction ansatz 

d^ x = (Xjk 1 )* , d b <j> x = (pjkY . (54) 

This is just (|37|) with Ni = Xjk 1 and iV 2 = pjk 1 . A further trivial dimensional reduction 
leads to the D=3 model with the same scalar potential. 
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Substituting ( |54| ) into the D=6 supersymmetry preservation condition (|3C|), and using 
the explicit form of the metric and Kahler 2-forms for toric HK manifolds, we obtain the 
two conditions 

[T m <r • a m X 7 + iU u T m V m ^j] e = (55) 

and 

[r m 9 TO X J - iT m (T x c^X 7 + i\J IJ Y m crV m ^ l \ e = . (56) 

The second of these conditions is actually implied by the first, so that all we need consider 
is (|55|). Using (H) this becomes 

T» [a- ■ d^ 1 + iU IJ V^j] e = -iU IJ [XjT 4 + PJ T 5 }e (57) 

where, p = 0,1,2,3. This is the condition for partial preservation of supersymmetry 
for the massive sigma models under consideration. When applied to time- inde pen dent , 
and ^-independent, configurations satisfying the BSTPS equations (|5l| ) and (p2|), the 
condition (|57|) becomes 

(rV • n, 7 + T 2 cr ■ PJ ) e = -i (XjT 4 + pjT 5 ) e (58) 

Using (|53|), we deduce the consistency condition 

cr • (ni x n 2 + pi x p 2 ) e - iT 12 (ni ■ p 2 - n 2 • pi) e - «r 45 (Aip 2 - A 2 pi) e = . (59) 



There are various ways to ensure that both this condition and (|53|) are satisfied. One is 
to set 

n 7 = nA/ , p/ = np/ (60) 

for unit 3-vector n. In this case (|53|) is identically satisfied and (|59|) implies either that 
A/ and pi are proportional, or that 

r 1245 e = e. (61) 

We shall make the choice ( |60| ) in what follows, in which case the equations (|5l]) and 
d52] ) reduce to 

ViX 7 = n U IJ Xj , V 2 X 7 = n U IJ PJ . (62) 

and 

Vx^/ = -C/'^Aa^j/ • n , V 2 ^/ = -U^pkujj! ■ n . (63) 

It is straightforward to show that generic solutions of these equations preserve 1/4 super- 
symmetry. We simply note that the choice (|6(]) reduces ( |58| ) to 

T 4 A/ [1 + ir 14 (cr • n)] e + T 5 Pl [l + iT 25 ((T • n)] e = . (64) 



If A/ and pr are not proportional we must impose both (61) and 

-iT 14 (a -n)e = e. (65) 

These two constraints are compatible and imply preservation of 1/4 supersymmetry If 
A/ and pi are proportional then the constraint ( |6l| ) is not needed and ( |64| ) implies preser- 
vation of 1/2 supersymmetry. An example is the kink domain wall with p = but A 7^ 0, 
in which case the only constraint on e is (|65|). 
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3.3 Intersecting domain walls 

We now aim to show that the equations ([52]) and ([33]) admit solutions that can be in- 
terpreted as intersecting domain walls. When considering the toric HK 8-metrics it is 
convenient to set 

X / = (X,Y). (66) 

We shall focus here on the special case in which the 2x2 matrix function U takes the 
form 

Uu=( U( ? ) °) (67) 



c U(Y) / 

for constant c (such that det U ^ 0). For this choice 

Ai = dX ■ A(X) A 2 = dY ■ A(Y) (68) 
with V x A = Vf7. It follows that U is a harmonic function. We shall choose 



U{Z)=a+\ 



1 1 



(69) 



for Z = (X, Y) and unit 3- vector n. The factor of 1/2 ensures that the metric is complete 
if the angles have period 2ir. When c = the matrix U is diagonal and the 8-metric 
is the direct sum of two identical two-centre HK 4-metrics, but the 8-metric is irreducible 
when c / 0. 

If we identify the unit 3-vector n with the unit 3- vector appearing in (|60| ) and choose 
n • A = 0, as is possible []l3), then ( |63| ) becomes 

W x tpi = Vyi>i = (70) 

where we have renamed the two space coordinates (a: 1 , a; 2 ) as (x,y). These equations 
imply that the angles ipi are constants, which play no further role in the solution. After 
setting 

X = nl, Y = nY , (71) 
the remaining BPS equations (J62|) can be written as 



/ U{X)V X X + c\7 x Y U(Y)\7 X Y + cV x X\ _ f X 1 A 2 
I U{X)V y X + cV y Y U{Y)V y Y + cVyX ) ~ I Pl p 2 



(72) 



These equations can be solved by setting 

X = tanhit , Y = tanhv , (73) 
and the solution is then given implicitly by 

u + otanhu + ctanhw = \\x + piy 

v + atanhf + ctanhu = X 2 x + p^y (74) 
Equivalently, X(x,y) and Y(x,y) are given implicitly by 

X = tanh [\\x + piy — aX — cY] 

Y = tanh [X 2 x + p 2 y - aY - cX] (75) 

This is the advertized exact solution. If A/ and pi are proportional then X and Y are 
independent of one linear combination of x and y, so the solution is a domain wall (shown 
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above to preserve 1/2 supersymmetry) . Otherwise we have a 1/4 supersymmetric solution 
representing the intersection of two domain walls. 
For simplicity we shall now set a = and choose 

X, = (1,0), pi = (0,1), (76) 

corresponding to the potential 

V=\{\&\* + \#\*) • (77) 

In this case ( |75| ) reduces to 

X = tanh(x -cY), Y = tanh(y - cX) (78) 

For c = this reduces further to X — tanhx and Y = tanhy, i.e., two orthogonally 
intersecting planar domain walls. The intersection is trivial, as expected, because for 
c = we have the sum of two massive sigma models, each with an identical Eguchi- 
Hansen target space 4-metric. For c ^ the two domain walls are asymptotically planar 
but are deformed near the intersection, as we shall now show. 
The energy density for the solution ( |78| ) is 

„- . cosh 2 u + cosh 2 v 

b(x,y) = J 5 o- (.'») 

cosh u cosh v — c 2 

This has a maximum at x — y — 0, which we may take to be the 'point' of intersection of 
the domain walls. This maximum occurs at u = v = 0, and 

(80) 



1-c 2 

As the non-vanishing of det U requires \c\ < 1 (when a = 0, as we are now assuming) this 
maximum is finite and positive. The angle 9 between the domain walls at the point of 
intersection is given by 



VX-VY , _ Vu-Vv , 



which yields 



cos6> = -2 5-. (82) 

1 + c 2 

Note that 9 is real, as it should be, because |c| < 1. 

Although the domain walls are not orthogonal near the intersection point, they are 
asymptotically orthogonal. One can get an idea of the shape of the solution by rewriting 
©as 

u + c tanh (y — c tanh u) = x 

v + ctanh (x — ctanhw) = y (83) 

The curves in the (x, y) plane corresponding to u = and v = (which are the curves on 
which £ is a maximum for fixed v and u, respectively) are 

x = c tanh y , y — c tanh x , (84) 

respectively. For c = these are just the (x, y) coordinate expected, but for c 

they each shift by 2c in passing through the origin, just so as to intersect at the angle 9 
given by (f^). 
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4 Stationary supersymmetric solitons 



We shall say that a non-static field configuration is stationary if its energy density is time- 
independent. The Q-kinks of [0 provide simple examples of stationary but non-static 
domain walls in models with 4-dimensional HK target spaces. These can be generalized 
to 1/2 supersymmetric domain wall solutions of models with 4ri-dimensional toric HK 
target spaces, as we shall see below, but our principal aim in this section is to exploit 
the new features provided by higher-dimensional target spaces to find essentially differ- 
ent stationary generalizations of the intersecting domain wall solutions discussed in the 
previous section. 

In the case of intersecting domain walls of the N=l D=4 Wess-Zumino model it was 
found to be possible to add a wave along the intersection, preserving 1 /4 supersymmetry 
||. One can ask whether the same is true of the N=2 D=4 sigma model domain walls. 
Given such a configuration, its reduction to D=3 would be expected to yield a charged 
intersecting domain wall. We shall now show that such D=3 configurations, preserving 
1/4 supersymmetry indeed exist, provided the target space admits at least three linearly 
independent tri-holomorphic KVFs. For this we need at least a 12-dimensional toric HK 
target space. Our starting point will be a massive D=3 N=4 supersymmetric sigma model 
with potential 

V=\fijU" (85) 

where 

/ijj = (A/Aj + pipj + qiqj) . (86) 
This potential can be obtained by reduction from D=6 with 

<9 4 i/>/ = A 7 d 5 ^j = pi d z i>i = qi (87) 

where A, p, q are three 3-vectors. 

4.1 Charged intersecting domain walls 

The energy density of the above model can be written in the form 

£ = -U u (ViX 7 - U IK X K n) (ViX J - U JL X L n) + ViX J A/ 

+ hj u (V 2 X J - U IK PK n) (V 2 X J - U JL PL n) + V 2 X I p I 

+ hj IJ V x i\>iD^j + hj"lhil>iD2il>j + ■ X 7 

+ ^U IJ (V t i> I Tqi)(V t TjjjTqj)±U IJ V t ip I q J (88) 

where n is a constant unit 3- vector and X = X • n. Noting that J cPxVX 1 are topological 
kink charges and J cPx U IJr D t ipj are the Noether charges corresponding to the isometries 
generated by the Killing vector fields k 1 , we deduce the bound 

£ > ViX 7 Aj + X7 2 X I PI + U u V t ^ iqj , (89) 

which is saturated when 

x 1 = o = ±qi , (90) 

together with 

V^ 1 = V 2 iP J = , (91) 
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and 

ViX 7 = U IJ X r n V 2 X' = U IJ PJ n. (92) 

The simplest way to solve these equations is to suppose the target space to be a 
direct product of the 8-dimensional HK manifold chosen previously with a 4-dimensional 
HK manifold for which fc 3 = d/dipz is the tri-holomorphic KVF. If one then chooses 
Qi = qi = (which one can do without loss of generality) and A3 = — then the 
solution is identical to the previous one but with ipz = q^t. It seems likely that this is a 
limiting solution of a more general one for irreducible 12-dimensional HK target spaces, 
but we shall not pursue this here. Assuming that we have a solution, we now turn to the 
determination of the fraction of supersymmetry it preserves. 

The supersymmetry preservation condition for the massive D=3 models under consid- 
eration is 

[a ■ nT^^X 1 ] e = -iU IJ [XjT 4 + PJ T 5 + q.jT 3 + T»D^j]e . (93) 

where, now, p, = 0, 1, 2. For solutions of the first-order equations (^o|)-(|92]) this becomes 

[ (rV • n + iT 4 ) A/ + (r 2 cr ■ n + iT 5 ) Pl + i (T 3 ± r°) qi]e = 0. (94) 

If q vanishes but A and p are not proportional then supersymmetry imposes the conditions 

ir 51 cr-ne = e, iY 42 a ■ ne = e , (95) 

which preserve 1/4 supersymmetry. Because of the chirality condition ( |28| ) , these condi- 
tions imply that r 03 e = e, so that 1/4 supersymmetry is maintained when qj is non-zero 
and ipi = qi but all supersymmeties are broken if 7/7 = —qi. 

We conclude that 1 /4 supersymmetric charged intersecting domain walls are possible 
in this D=3 model. They are stationary but not static. Intersecting domain walls fitting 
this description can also be found rather more easily by replacing one or both of the kink 
domain walls by a Q-kink domain wall, but the solution just found is of a different type 
that is possible only when the toric HK manifold has dimension An with n > 3. It has 
the feature that the charge can be interpreted in D=4 as a wave with the speed of light 
along the intersection. This follows directly from the fact that the D=4 fields ipi satisfy 

($-Wj = 0, (96) 

since the D=3 model is obtained from D=4 by the ansatz d^ipi = qj. Note that a wave in 
the opposite direction breaks all the supersymmetry, so the intersection is chiral. It can 
viewed as a (2,0) supersymmetric string. 

4.2 Special Cases 

The mass-squared matrix p 2 in the models just considered has maximal rank three and 
the generic examples will occur when the rank is precisely three. We now wish to consider 
some special cases of stationary supersymmetric solitons that arise when p 2 has rank less 
than three. Consider the rank two case, which we can arrange by choosing p = 0. We 
again make the ansatz X 7 = X 1 !!, and we may now set S/yX 1 = 0. We are then left with 
the equations 

V x X I = U"\j, i>i = ±qi (97) 

to be solved for X 1 [x) and (trivially) for ipi(t). The supersymmetry preservation condition 
is now 

A/ \iT 4 + r x (<T ■ n)] e + i qi [T° ± T 3 ] e = , (98) 
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which implies preservation of 1/4 supersymmetry when /i 2 has rank two. Solutions of ( |97| ) 
thus yield new 1/4 supersymmetric charged domain walls, and since p — these are also 
solutions of the D=4 massive sigma model. 

If instead has rank one then ( p8| ) implies preservation of 1/2 supersymmetry. To 
see this we set 

qi = wi , A/ = yl - v 2 vi , (99) 

where i/j are constants (not all zero) and v is another constant with \v\ < 1. In this case 
d98| ) is equivalent to 

Te = e (100) 

with 

r = zr 41 <r-n+ - = (r 04 ±r 34 ) (101) 

yl — v 2 

Since V is traceless and satishes r — 1, this condition implies preservation of 1/2 super- 
symmetry. The equations that yield these 1/2 supersymmetric stationary domain walls 
are 

V,! 7 = v 7 ! - v 2 U IJ vj , ij> T = ±vi>i. (102) 

Solutions of these equations generalize the Q-kinks of [|| to higher-dimensional HK target 
spaces. 



5 Discussion 

We have shown that massive hyper-Kahler D—A supersymmetric sigma models can admit 
non-trivial static intersecting domain wall solutions that preserve 1/4 of the supersym- 
metry, provided that the target space is at least 8-dimensional and admits at least two 
linearly independent commuting tri-holomorphic Killing vector fields. Such models also 
admit new stationary charged domain wall solutions that also preserve 1 /4 supersymme- 
try. Given three linearly independent tri-holomorphic Killing vector fields, which requires 
a target space of at least 12 dimensions, there exist 1/4 supersymmetric stationary inter- 
secting domain wall solutions in D=4 with a wave along the string intersection. Reduction 
on the string direction yields a charged intersection domain wall solution of a massive D=3 
sigma- model, again preserving 1/4 supersymmetry. We have found exact solutions for a 
class of sigma models with particular toric hyper-Kahler target spaces. It is unlikely that 
exact solutions can be found in general, but we expect intersecting domain wall solutions 
to exist for many other toric HK 8-manifolds too, e.g. the Calabi manifolds that we 
discuss below. 

Whereas 1/4 supersymmetry is the minimal possible fraction of N=l D=4 supersym- 
metry it is twice the minimal possible fraction of N=2 D=4 (or N=4 D=3) supersymmetry. 
One wonders whether there are other intersecting brane configurations that preserve only 
1/8 supersymmetry. It is not difficult to find such solutions in models with factorizable 
target spaces because one can just superpose solutions within each factor. It would be 
interesting to know if these can be generalised to non-trivial examples. 

Although we have focussed on solutions of D=3,4 models, we note that the supersym- 
metric charged domain wall solutions discussed in section 4.2 give rise to supersymmetric 
kink solutions in D—2. We now conclude with a brief discussion of a possible applica- 
tions of these solutions to IIB superstring theory. Consider a single Dl-brane in the 
presence of k parallel D5-branes. The low-energy effective dynamics of the D-string is 
given by a two dimensional quantum field theory which, for coincident D5-branes, has 
both a Coulomb and a Higgs branch. Switching on a constant NS B-field parallel to 
the D5-branes corresponds to switching on Fayet-Illiopoulos terms in the two-dimensional 
quantum field theory on the D-string, and this lifts the Coulomb branch. In this case the 
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Higgs branch is the charge- 1 non-commutative instanton moduli space (after ignoring the 
centre of mass). In other words, the low-energy dynamics of the Higgs branch is given 
by a D=2 supersymmetric HK sigma model with a 4(fc — l)-dimensional Calabi space 
as target [l4| . This space has k — 1 mutually commuting tri-holomorphic Killing vector 
fields. Separating the D5-branes along an axis leads to the addition of a supersymmetric 
preserving potential constructed from a single tri-holomorphic Killing vector field. The 
1/2 supersymmetric kink and Q-kink solutions were interpreted in p| , following |l6|] , as 
(1,Q) strings interpolating from one D5-brane to another. For k=3, when the D5-branes 
are not co-linear, the potential is constructed from two tri-holomorphic Killing vector 
fields. It seems likely that the 1/4 supersymmetric charged kink solutions found here can 
be interpreted as a string that interpolates from one D5-brane to two D5-branes via a 
string junction. 
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